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We generalize the spin chain engineering problem to the topology of star network. A spin star is 
potentially useful for connecting different parts of a quantum network. We show that a permanently 
coupled spin star can function as a network switch for transferring quantum states selectively from 
one node to another by varying the local potentials only. 
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Quantum information processing with solid state de- 
vices is currently a highly challenging though not impos- 
sible task. Generally, quantum information is much more 
fragile than classical information. It is a general belief 
that quantum error correction would play an important 
role to maintain the fidelity of the phase sensitive quan- 
tum states, which are embedded in many-body systems. 
In the standard paradigm of quantum error correction, 
it is very crucial that spatially correlated errors (on the 
same logical qubit) have to be avoided. In solid state sys- 
tems, to minimize thermal noises, it is often preferable to 
lower the operating temperatures. This, however, would 
typically increase the "quantumness" of the noises. For 
example, indirect interaction between qubits would be in- 
duced through the interaction with the environment (for 
a related recent review, see e.g. [l|). To avoid the at- 
tacks of correlated errors, it is conceivably advantageous 
to encode logical qubits over spatially separated physical 
qubits. 

To allow the physical qubits to communicate, it is 
necessary that some kind of robust quantum channels 
are available. This problem is often called the quantum 
state transfer problem. Lots of different state transfer 
schemes 0,0 
velopment [12 
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_^3i_ll|and further de- 
IM 1151, UJ, 113, 111, [is HI have been 
proposed in recent years (earlier references can be traced 
from here [llj). However, most of them focus only on 
one-dimensional and single qubit transfer — lack of the 
vision of building up the quantum network as a whole. 
For this reason, this work is motivated to fill up the gap, 
or stimulate the development in this direction. 

We are interested in the problem of connecting differ- 
ent parts of a quantum network. In classical computing 
networks, this function is carried out by network hubs 
and/or switches (2^ . Likewise, quantum switches are 
conceivably necessary for building up quantum networks. 
Here we shall show that a grou p of permanently coupled 
spins in the star topology [23, [2J, [2^ can function as a 
quantum switch by varying the local potentials only. Any 
quantum state initialized at one spin at the edge (called 
node) will be transfered to any other node through the 
natural Hamiltonian evolution. Note that this is not the 
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FIG. 1: Quantum state transfer with a permanently coupled 
spin star. Each node may be a port connecting another part 
of the network, a) By engineering the right set of local poten- 
tials, a quantum state can be transfered from node 1 to node 
2 under the free Hamiltonian evolution, b) The state can also 
be selectively transferred to another node by adjusting the 
local potentials. 



same as the quantum cloning (26l . |27| | , as the final state 
is required to be perfectly transferred to a specific node 
only. 

We note that the solution to this problem is not unique; 
there are at least two alternatives ways of achieving the 
same goal. First, if we have perfect controls over the in- 
teraction between the spins, then one can simply perform 
a swap operation from node A to the central node, and 
then another swap to node B. Second, if the spins are 
permanently coupled, but strong local pulses are avail- 
able to effectively control pairwise interactions, as in the 
case of NMR quantum computing, then quantum states 
can be swapped through as well. These two conditions, 
namely full control and strong local pulses, are not neces- 
sary available in many proposals of solid state implemen- 
tations. Here we assume that we do not have these condi- 
tions i.e., spins are permanently coupled and local poten- 
tial can be varied only mildly (as compared with the spin- 
spin couplings). In this article, we shall adopt the ap- 
proach of spin-chain engineering problem psi . |29| . [sol . [3]| 
which aims at minimize dynamical controls by achieving 
quantum state transfer with the free Hamiltonian evo- 
lution (see Fig. [1]). Moreover, it has been recently [sll 
pointed out that such approach is less affected by the 
gate control noise. 

To solve this problem, we need to engineer a suitable 
Hamiltonian for the A^-|-l spins {N edge nodes and 1 cen- 
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tral node). Inspired by the spin-chain engineering prob- 
lem, we consider a Hamiltonian of the form: 
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Here we assume that the couplings ujq between the edge 
spins and the central spin are the same, but the lo- 
cal potentials Xj could be varied. The cr^'s are the 
standard Pauli matrices acting on the node j. Define 
U {t) = e^*^*. Note that the Hamiltonian is spin- 
conserving, thus ?7 |0o0i02...0iv) = |OoOi02...0iv) for all 
times. Suppose at i = nodes 1 is encoded with a qubit 
state a |0) -I- /3 while the rest are in the definite state 
|0), the qubit is said to be (perfectly) transfered to node 
k at t — T, when 



C/(t) |0ofl0203...0fe...0Ar) - |0o0i0203...1fc...0 



(2) 



The question is what values of ujq , A j and r would make 
Eq.([5]) possible? It is clear that we can confine ourselves 
to the single-spin subspace {|0) = |loOi02...0Ar) , |1) = 
|Ooli02...0Ar) , ... }. In this subsapce, the Hamiltonian 
Hs is of the arrow-head form: 
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Without loss of generality, we consider state transfer 
from node 1 to node 2. The transition amplitude is 



(2|{/(r)|l> 
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where \ek) is an eigenvector of Hs, and Ek the corre- 
sponding eigenvalue. For perfect state transfer, suppose 
we require (2| U (r) |1) = (1| U (r) |2) = 1, then it is nec- 
essary that PHsP = Hs, where P = |2) (1| + |1) (2| 
is the permutation operator for node 1 and 2. In other 
words, Hs must be symmetrical with respect to node 1 
and 2. Therefore, we need to set Ai = A2. Now suppose 
we further set A3 = A4 = ... = Aat, then the M = N ~ 2 
edge spins act effectively as a single "renormalized" spin, 
with Wo — > ujoVM but local potentials Xk (k > 3) un- 
changed. The many-spin problem is then reduced to a 
four-spin problem. The further reduced 4x4 Hamilto- 
nian H4 becomes [33] 
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where a = Aq, 6 = 
... = Aat and e = Ai 
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Afwo, c = Wo, d = A3 = A4 = 
A2. The transition amplitude is 



still given by the form of Eq. (|4]) provided that we now 
consider |efc) and as the eigenvectors and eigenvalues 
of H4 and sum up to iV — > 3, and redefine |3)„g^ = 
(|3)„,,-t-|4) + ... + |A^))/^/M. 

Here we shall exploit the advantages gained from the 
exchange symmetry. Since by definition = P, the 
requirement PH4P ~ H4 or cquivalently [P, H4] — 
implies that the eigenvectors of H4 are also eigenvec- 
tors of P, with eigenvalues ±1. Consider explicitly the 
eigenvalue equation H4 je^) — E^ \ek)- By direct substi- 
tution, the vector (0,0,1,-1) is an eigenvector of H4 
with eigenvalue e. For Ek 7^ e, it is necessary that the 
exchange of 1 and 2 gives no phase change. In other 
words, 
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It is remarkable that this property is highly analogous to 
that [29! in the 1-D spin-chain engineering problem. In 
fact, with the knowledge of the eigenvalues and the ex- 
change properties of the eigenvectors, one can determine 
the form of the Hamiltonian H4. This type of problem 
is called inverse eigenvalue problem. Inverse eigenvalues 
problems are often more challenging than the ordinary 
eigenvalue problems. In particular, not many analytic so- 
lutions have been obtained in the spin-chain engineering 
problem. Fortunately, because our {N + l)-spin prob- 
lem is now effectively a four-spin problem, the inverse 
eigenvalue problem is exactly solvable. 

To investigate further, the characteristic polynomial 
P (A) = det \H4 - A| / (e - A) of H4 is given by P (A) = 
Aoe^ -I- Aie^A -I- A2eA - A^ where 



e^Ao = ade - b^e - 2c^d 
e^Ai = b^ + 2c^ -ad - (( 
eA2 = a + d + e 



(7) 
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With Eq. dSl), to ensure (2| t7(r) |1) = 1 in Eq. g]), we 
set for Ek — e, CT = TT and EkT = 0,±2n7r, where n is 
a positive integer, for Ek 7^ e. It is convenient to repre- 
sent such a choice by the following eigenvalue spectrum 
{0,e,±rye}. Given any rj = 2n, if we know a solution 
of e satisfying Eq. ([7]) for the Hamiltonian H4, then at 
t = T = n/e, combining Eq. Eq. ^ and the con- 
ditions above, we have (2| U (tt/c) |1) = 1 and the state 
transfer problem is solved. 

We shall briefly describe how the solutions to the in- 
verse eigenvalue problem can be found and skip techni- 
cal details. With the eigenvalue spectrum chosen to be 
{0, e, irje}, we have Ao = A2 = and Ai = r]"^. For sim- 
plicity, we measure all quantities in unit of c, or cquiva- 
lently set c — 1 and hence b^ = M . Eliminating a and d 
in Eq. ([7]), we have 



gM (e; 77) = a;o + 2^26^ -I- X4e^ + x^e^ 







(8) 



where xo = M + 2, 0:2 = 3 - if, X4 ^ (3/2) (l - rf) and 
xg = (1/4) (1 — ry^) . Given rj and M , our goal is to find 
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e (and hence a and d) which solves Eq. ([7]) . This can be 
done efficiently using any numerical methods. The key 
point here is that the problem does not scale with N . As 
an example, for M = 2 (i.e., 4+1 spins), we can choose 
rj = A (i.e., with eigenvalue spectrum {0, e, ±4e}), one of 
the solutions is e = —d = 0.516, a = and of course c = 1 
and b = ^/2. Note that the local potentials e and d are 
roughly the same order as the couplings c. Consequently, 
a qubit of information encoded at node 1 at time t = 
will evolve to node 2 at t = ir/e under the free evolution 
of this Hamiltonian, and the problem is solved. 

Suppose we now want to transfer the state from node 
1 to node 3 instead of 2, as the couplings ojq are all the 
same, we just need to exchange the local potential be- 
tween 2 and 3, A2 ^ A3. Practically, we may apply a 
global offset field, so that only the "active" nodes are 
subject to some non-zero potentials, and all other = 
(or some constant value). 

Lastly, to complete our discussion, we should also con- 
sider the constraints of 77 which at this point seems to 
be arbitrary. In fact, to ensure (a pair of) real roots 
of gM (e; r)) exist, we require the global minimum of 
5m (e*;??) (denote the corresponding value of e as e*). 



as a function of e, to be less than zero. We found 
el ^ {6 + 2V3?7) /3 {rj^ - l) which suggests that 77 > 1. 
The condition gM < implies that 
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> N 
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For large N, rj needs to be at least of order 0{N). 

In conclusion, we have demonstrated how the spin- 
chain engineering problem can be generalized to the 
topology of spin-star, which can be potentially useful to 
function as a switching device for building up quantum 
networks. Our main result is the reduction of the many- 
spin problem to a four-spin problem which is exactly solv- 
able. 
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